I. INTRODUCTION
Many instruments based on atomic spectroscopy, such as atomic clocks [1] [2] [3] or NMR gyroscopes, 4-6 are sensitive to magnetic fields. Stray magnetic fields and field fluctuations cause shifts of the atomic transition frequencies, which can lead to reduced stability. To achieve their performance potential, it is necessary to reduce the magnetic field sensitivity of chip-scale atomic devices by enclosing the device in a shield of high-permeability material, which attenuates the ambient field and field fluctuations within the enclosure.
The field attenuation for large-scale magnetic shields has been documented in the literature. For five-layer large-scale tabletop shields of roughly 60 cm diameter, a shielding factor of better than ϳ10 7 has been reported. 7 For a constant wall thickness, the shielding factor for a high-permeability enclosure scales inversely with the size of the shield, 8 so higher field attenuation would be expected for smallerdiameter shields.
Here we discuss the design and testing of a set of five miniature magnetic shields with a volume of less than 3 cm 3 . Shielding factors were measured for the longitudinal and transverse directions of these cylindrical shields, both individually and in nested combinations. While the external magnetic field B ext could be measured with a commercial Hall-effect gaussmeter, the limited, enclosed volume of the shields and small internal fields made measuring B int more challenging. We used two independent methods for measuring the internal magnetic field: a commercial miniature magnetoresistive sensor and a chip-scale atomic magnetometer. 10, 11 The results from each method were in good agreement.
In Sec. II we discuss the theory of magnetic shielding and quote formulas for estimating the shielding factor of specific shield designs. Section III describes the design and theoretical shielding factors of the miniature, five-layer nested shields tested in this article. The measurement methods and results are described in Sec. IV. In Sec. V we use scaling arguments to estimate the fields from residual shield magnetization and thermal currents from published results from large-scale shields. We summarize in Sec. VI by comparing the strengths and weaknesses of each technique for measuring small magnetic fields in a restricted volume.
II. THEORY OF MAGNETIC SHIELDING
The magnetic shielding factor S is defined as the ratio of the field applied to the outside of a shielded volume to the field measured inside the shielded volume,
In general, it is difficult to calculate the shielding factor for a high-permeability enclosure analytically except for some simple cases. Excellent reviews of the developments of shielding theory can be found in Refs. 8 and 12. Here we summarize some key properties of magnetic shields that are relevant to our experiment. For a spherical shell, the shielding factor can be exactly expressed as
where is the permeability of the material and v and V are the volumes contained by the inner and outer surfaces of the shell, respectively. For ӷ 1 and t Ӷ D, where t is the shield thickness and D is the shield diameter, Eq. ͑2͒ reduces to
Note from Eq. ͑2͒ that S → 2 9 as V → ϱ, which points out the limitation of a single-layer shield. For an upper limit value of = 30 000 for the initial permeability, 12 the asymptotic value of S is only about 6700. In practice, we can exceed this limiting value by constructing multilayered shields, where the resulting shielding factor of a series of nested shields is proportional to the products of the individual shielding factors multiplied by some geometrical scaling factors that approach unity for large intershield spacings. Note that the shield permeability is a nonlinear function of the magnetization and increases to a maximum value of max Ͼ 400 000 at higher applied fields. "Shaking" the shields by continuously applying an alternating magnetic field is a way to take advantage of max . 13, 14 For cylindrical shells, simple solutions for the shielding factor can be found only for the unrealistic case of a cylinder of infinite length. Solving for cylindrical shells of finite length becomes much more difficult, especially in the longitudinal direction. A cylinder is a practical geometry to construct from sheet metal, so it is a common shape for magnetic shields, and since the longitudinal shielding factor for a cylindrical shield is always smaller than the transverse shielding factor, sometimes by a factor of 10, it usually limits the performance of a magnetic shield. As a result, significant work has gone into calculating longitudinal shielding factors for finite-length cylindrical shells. 12, 15, 16 Analytical theoretical estimates of S for cylindrical shields can be found by using ellipsoids to approximate the geometry of a cylinder. 12, 16 If the shield wall is thin compared to the shield diameter and the permeability is very large, quite accurate estimates of the shielding factor of a series of n shield layers can be found by using the simple approximate expression 8, 9 S tot = S n͟ i=1 n−1
͑4͒
Here k depends on the shield geometry. For spherical shells k = 3, while for cylindrical shells k = 2 for the transverse shielding factor, and k = 1 for the longitudinal shielding factor. To within a scaling factor of order unity that depends on the shield geometry,
Here i , t i , and D i are the permeability, thickness, and average diameter of shield layer i, respectively. Note that S i increases as the diameter of the ith shield decreases, so the shielding factor scales favorably with miniaturization for constant thickness t i . The advantage of this scaling is illustrated in Fig. 1 with a simple calculation from Eq. ͑4͒ of the transverse shielding factor versus shield diameter for various shield combinations.
III. MINISHIELD DESIGN DETAILS
The five-layer, nested magnetic shields were custom made commercially by Amuneal Manufacturing Corporation. 17 The shields were constructed of Amumetal, a high-permeability material comprised of roughly 80% nickel, 15% iron, and a few other elements in smaller amounts. In the earth's magnetic field, a conservative estimate for for this material is 20 000. 18 Note that different companies have different trade names for basically the same material. Five nominally identical sets of shields were manufactured, one of which is shown in Fig. 2 . Variations in the dimensions of the individual shield layers from the design dimensions were at the level of 100 m. Each shield had a 400 m hole drilled along the cylindrical axis through the base, and each endcap had two holes, one on axis, of 400 m diameter, and the other off axis, of 900 m diameter. The axial holes were used for inserting optical fibers and the off-axis hole for Helmholtz coil or sensor leads. The three smaller layers had an extra set of endcaps with only an axial hole drilled, enabling us to make a rough measurement of the effect of the 900 m hole on the shielding factor. All shield walls were 350 m thick. Table I shows the dimensions and calculated shielding factors of each of the shielding layers and the two combination shields that we studied in detail. S t is the transverse shielding factor and S l is the longitudinal shielding factor. Both factors were calculated from Eqs. ͑4͒ and ͑5͒. Note that the influence of the holes in the ends of the shields is neglected for these calculations.
The penetration of dc fields through the holes would be difficult to calculate accurately, but we expect the effects of the holes to be small. Interestingly, numerical calculations Table I , which contains the actual shield dimensions. The 400 m diameter on-axis hole and 900 m diameter off-axis hole can be seen in each endcap.
have shown that the shielding factor value for a spherical shield with a hole decreases by only a few tens of percent at the center of the shield for holes subtending angles as large as 30°. 19 The largest angle subtended by any of the holes in our shields is 14°͑0.9 mm hole in layer E͒.
Each shield was demagnetized before use 20, 21 by passing the shield by hand through a region of saturating 60 Hz ac magnetic field ͑30 mT͒. This demagnetization field was produced with a small coil wound on a bobbin that had an inner diameter approximately equal to the diameter of the largest shield. The shields under test were passed through the coil bobbin and brought out the other side on a time scale of ϳ10 s.
IV. MEASUREMENT METHODS

A. Chip-scale atomic magnetometer
An atomic magnetometer determines magnetic field strength by measuring the Larmor spin precession frequency in a vapor of optically pumped alkali atoms. 22, 23 In a "frequency-modulated Bell-Bloom" configuration 25 the magnetic field B is applied perpendicular to a circularly polarized laser beam that is used to both pump and probe the atoms. The frequency of the laser is modulated such that the light spends about half a cycle on resonance, optically pumping the atoms into a state polarized along the direction of the beam propagation, and half off resonance, during which no pumping occurs. When the modulation frequency and magnetic field B satisfy the Larmor condition =2␥B ͑where ␥ is the gyromagnetic ratio of 3.5 Hz/ nT for Cs͒, a resonant response occurs, creating a large amplitude spin precession about B. This in turn modulates the optical absorption of the medium and hence the intensity of light reaching the photodiode. Passing the photodiode signal to a lock-in amplifier referenced to the driving signal allows the amplitude of the intensity modulation to be extracted, which goes through an extremum when the Larmor resonance condition is satisfied and the atoms are efficiently optically pumped. A full theoretical description of this driven spin system may be derived from Bloch's equations; 24 a useful summary of the theory is given in Ref. 25 .
Measuring the magnetic field B int inside a miniature shield requires a small, highly sensitive magnetometer. The Bell-Bloom magnetometer is well suited to this task for a number of reasons. First, precession is sustained by a modulated optical pumping rate rather than a magnetic driving field, as in the M x or M z magnetometer configurations. 11, 23, 26, 27 The absence of coils for a driving field enables the physics package inside the shields to be simple and small. Secondly, circularly polarized pump light populates an oriented state, 28 which remains dark even if the ground and excited state hyperfine structure ͑9.2 and 1.2 GHz, respectively͒ is not resolved. This enables us to use a vapor cell with a high N 2 buffer gas pressure of ϳ1 atm. While the high buffer gas pressure produces a collisionally broadened optical linewidth of ϳ18 GHz, it also reduces the rate of relaxing collisions ͑1/T 2 ͒ between Cs atoms and the cell walls and hence improves the sensitivity of the magnetometer. ͑If a higher order atomic polarization moment undergoing Larmor precession were excited, as is done in magnetometers based on nonlinear magneto-optical rotation, 29 the upper-state hyperfine structure would have to be resolved. 30 ͒ One disadvantage of the Bell-Bloom magnetometer is that the magnetic field cannot be measured parallel to the probe beam. Since the optical fiber access holes were drilled only along the cylindrical axes of the shields, we were unable to measure S l by this technique.
The physics package is shown in Fig. 3 . It consists of a vapor cell, a quarter-wave plate and two gradient-index ͑GRIN͒ lenses, glued together using optically transparent epoxy, to create a package of length of 7 mm and diameter of 3 mm. The miniature vapor cell contains Cs and 1 atm of N 2 buffer gas. It was microfabricated by etching a 1 mm 2 hole in a 1 mm thick silicon wafer and sealed by anodically bonding glass wafers to either side. 31 Such a tiny cell must be heated to create sufficient optical thickness of Cs. Electrical heating currents near the cell would perturb the magnetometer, so the entire shield was placed inside an oven and maintained at ϳ120°C by hot air from an inline heater. To scan the field inside the shield, a Helmholtz-coil pair was used, which was wrapped around the physics package inside the innermost shield, following a design in Ref. 32 .
Light at 895 nm, resonant with the D1 transition in Cs was created with a distributed-feedback diode laser. It was tuned to the atomic resonance with the dc current and modulated on and off resonance with an amplitude of ϳ10 GHz 
by applying a square wave to the laser current at a frequency of a few kilohertz. Light was carried into and out of the shield through the axial access holes, by means of a single mode polarization preserving fiber and a multimode fiber, respectively. The fibers were aligned using translation stages that were outside the shields. The shield ͑with physics package inside͒ was mounted in the oven and the input fiber was fed into the shield until it butted up against the face of the first GRIN lens. Outside the shield, the fiber was protected from circulating hot air currents by a hollow core glass fiber of 250 m inner diameter and a stainless-steel hypodermic needle. The GRIN lens was chosen to have its focal point at its input face, so that with the fiber butted against it, it produced a collimated output beam of ϳ1 mm diameter that just filled the cell window. Sandwiched between the first lens and the cell was a quarter-wave plate that created circularly polarized light within the cell from the linearly polarized light in the fiber. After light had passed through the cell it was focused by a second identical GRIN lens into a multimode output fiber that was butted against the output lens from the other side of the shield. The polarization properties of the light at the output of the cell are unimportant and we simply want to collect as much of the modulated intensity as possible; hence a multimode fiber with a large numerical aperture is ideal. The output of the photodiode goes to a lock-in amplifier referenced to the pump modulation . Signals such as those in Fig. 4 were seen as the field inside the shield B int was scanned with the internal Helmholtz coils. In Fig. 4 we see resonance peaks at B int = ± / ͑2␥͒ and a central peak at B int = 0. This B = 0 peak occurs because optical pumping can also occur at zero magnetic field with a periodically applied circularly polarized laser beam. The width of the Larmor resonances is limited by wall collisions and spin-exchange collisions with the nitrogen buffer gas. The shielding factor can be determined from the spectrum by applying a dc offset to the external field and measuring the resulting shift of the peaks. Resonance traces such as Fig. 4 were used to collect a range of information about individual shields: the transverse shielding factor of each of the five layers, variation in S t between nominally identical shields from different sets, and the effect of the 900 m hole in the lid.
To enhance the sensitivity of the magnetometer, we also implemented a double-modulation technique. The current through the miniature Helmholtz coils was not only slowly scanned to create a resonance trace but also modulated at 500 Hz. The output of the lock-in amplifier that measured the signal at the 20 kHz laser modulation frequency was fed into a second lock in, which measured the signal at 500 Hz. This second signal was dispersionlike and passed through zero at resonance as the dc field was scanned, as in Fig. 5 . The zero signal was independent of drifts in signal size ͑due to temperature changes, polarization drifts in the fiber, coupling efficiency drifts, etc.͒ and so longer averaging times could be used to detect field changes of less than 10 nT. The sensitivity of the device was ϳ20 nT/ ͱ Hz and was largely limited by the poor collection efficiency of the fiber-coupled detection method. We observed ϳ70ϫ better sensitivity with the same magnetometer in a larger magnetic shield when the light fell directly onto the photodiode. The degradation of the sensitivity is not fundamental and could be improved in a different design. The fiber-coupled design of our present ap- paratus is particularly difficult to align and is also sensitive to vibrations from the forced air heater.
To measure the shielding factor using the doublemodulation technique, we applied a calibrated external field with permanent magnets and noted the steady value of I int necessary to zero the signal on the B = 0 resonance. We then reversed B ext and looked at the change in I int required to re-zero the signal. Using our calibrations, ⌬B int and ⌬B ext could be calculated and the shielding factor extracted.
The results of measurements of S t for each shield layer are shown in Table I . The experimental values of S t are on average 8% less than the theoretical ones, but the level of scatter in the data is larger than the average difference between theory and experiment. We observe a similarly high level of scatter in the measured S t for all five of the D size shields, using both the single and double-hole lids. The values of S t for nominally identical shields have a standard deviation of 45%, and the additional hole in the lid reduces S t by an average of 11%, which is not statistically significant given the scatter in the data. The observed variations in the shielding factor are inconsistent with the small variations in the shield dimensions ͑less than 100 m͒, and may result from variations in the material permeability arising from either the manufacturing process or subsequent handling of the shields. The theory neglects any effects from the removable endcaps and holes, but our results show that any such effects would change the shielding factor by a few tens of percent or less.
Data for ⌬B int vs ⌬B ext using two ͑B and C͒ and three ͑B, C, and D͒ shield layers are shown in Fig. 6 ͑solid and open circles, respectively͒. In each case the relationship is linear for low external fields, and saturation effects are evident at higher fields. The solid ͑dashed͒ lines are linear fits to the lowest ten ͑three͒ points of the two-͑three-͒ shield data constrained to pass through the origin. The inverse of this gradient gives transverse shielding factors of 4.6͑2͒ ϫ 10 5 for the two-layer shield and 5.9͑1͒ ϫ 10 6 for the three-layer shield. This value of S t for the three-layer shield is a lower limit, since the large values of B ext that were required to create a measurable B int in the latter case were definitely in the saturation regime. From the dimensions of shield layer "B" and the saturation field value of 0.8 T for Amumetal, 17 we estimate that the shields saturate at an externally applied field of 15 mT. This value corresponds to 30 mT on Fig. 6 because of our field-reversal technique, which is consistent with the data for the two-layer shield. Saturation is confirmed in the three-layer measurement by comparing these experimental results to the theoretical predictions for S t . The two-layer result is within 30% of the theoretical value of 3.5ϫ 10 5 , while for three layers the experimental result is smaller then the prediction of 5 ϫ 10 7 by a factor of 8.5.
B. Commercial magnetoresistive sensor
The second method for measuring B int used a commercial magnetoresistive sensor. Recall from the above discussion that we were limited to measuring S t with the atomic magnetometer due to spatial constraints and problems with optical access through the shields. The magnetoresistive sensor had the advantage of allowing us to measure the longitudinal shielding factors relatively easily and quickly. The devices require calibration to produce accurate measurements, however, since the output has a large offset voltage that needs to be subtracted from the measurement. The response can also vary from sensor to sensor and also depends on the sensor's history.
The device that we used was a Honeywell magnetoresistive sensor, 17 model HMC1052L, together with a simple amplifier. The output of the differential amplifier is given by
where ␤ = 1 mV/ ͑V G͒ is the response of the magnetoresistive sensor to an applied field, V cc is the bridge voltage, and g A is the amplifier gain, which we varied from about 100 to 5000, depending on the number of shield layers under study and the expected shielding factor. We began by measuring the transverse and longitudinal shielding factors for shield layer "D" ͑the second smallest͒ by itself. To conduct the measurements, both orthogonal axes of the two-axis magnetoresistive sensor were used. The sensor was aligned such that one sensor axis was parallel and one was perpendicular to the cylinder axis. An external magnetic field was applied to the shield by a pair of permanent magnets and was varied from about 2 to 15 mT at the position of the shield by adjusting the spacing of the magnets. The applied field was measured outside of the shield with a commercial Hall-effect gaussmeter. The shielding factors were then extracted from linear fits to plots of ⌬B int vs ⌬B ext . For layer D, we measured a transverse shielding factor of 2.5͑1͒ ϫ 10 3 and a longitudinal shielding factor of 5.7͑2͒ ϫ 10 2 . These measurements are both within 25% of the theoretically predicted values, and the value of S t is also within 25% of the equivalent measurement made with the atomic magnetometer ͑Table I͒. The different results from the two measurement methods may result from variations in the sensitivity of the magnetoresistive sensor and/or handling and demagnetization of the shields.
We also measured the longitudinal shielding factor ͑S l ͒ for a three-layer shield comprised of layers B, C, and D. Figure 7 is a plot of the measured field inside of the shields versus the applied external field. Saturation effects are clearly visible for ⌬B ext greater than 35 mT. Using the un- FIG. 6 . Plots of ⌬B int vs ⌬B ext measured using the atomic magnetometer and used to determine S t for two-and three-layer shields ͑solid line for closed circles and dashed line for open circles, respectively͒. Layers B and C were used in both combinations, and D was added for the three-layer shield. The linear fit constrained to pass through the origin was applied to the lowest ten ͑three͒ data points from the two-͑three-͒ layer shield where the relationship is linear, to extract the transverse shielding factor. Above that, saturation effects are observed. Note that since the external field is reversed, the applied field is half of the ⌬B ext value.
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High-performance min-magnetic-shields Rev. Sci. Instrum. 78, 083102 ͑2007͒ saturated data points we were able to extract a longitudinal shielding factor of 1.9͑1͒ ϫ 10 5 , in good agreement with the theoretical value of 1.7ϫ 10 5 . The range of measured magnetic fields in Fig. 7 corresponds to a range of measured output voltages of about 20 mV. Note that a large offset corresponding to 580 mV has been subtracted from these data. This offset was determined by making a measurement of V out with no applied magnetic field and is only about one tenth of the specified allowable bridge offset voltage for the HMC1052L sensor. 17 The sensitivity of the magnetoresistive sensor was limited in our simple implementation to a level of ϳ100 nT/ ͱ Hz which gave a field resolution of ϳ35 nT given our measurement time. With this resolution, the sensors could be used only to make accurate measurements of single shields and the longitudinal shielding factor of combinations of shields, which is considerably smaller than the transverse value. Note that we performed dc measurements. In our simple experiment, we traded sensitivity for experimental ease and speed. We could reduce drift and improve the sensitivity by using field coils and a lock-in amplifier to measure field changes at the modulation frequency. The specified noise of the magnetoresistive sensor is 1 nT/ ͱ Hz at a frequency of 1 kHz.
V. SCALING OF FIELDS FROM RESIDUAL MAGNETIZATION AND THERMAL CURRENTS
Two undesirable effects common to magnetic shields are particularly relevant to compact implementations. The first effect that we consider arises from residual magnetization. In a perfect shield the magnetic domains are very small and randomly oriented, and thus their dipolar fields effectively cancel. In an imperfect shield, there are larger domains whose fields do not cancel. Demagnetizing a shield helps in breaking apart and randomizing these domains, but inside a magnetic shield there is always some small residual magnetic field from this effect. A residual field value from the literature for a large shield of 50 cm diameter is 1 to 2 nT at the shield's center. 33 We observe residual fields of the order of 0.5 T or smaller, and for most of our measurements any residual field was smaller than our measurement resoulution. Before we actually measured the residual fields we were concerned that they could be a big problem because the magnetic field from a dipole falls as the inverse cube of the distance from the dipole. Accounting only for the dipolar dependence and scaling the above experimental result to shields of our size would predict residual fields as large as 2 mT for our compact shields, which is nearly four orders of magnitude larger than what we observe.
It might help to explain this discrepancy if the residual field would also scale with some power of the volume of the innermost shield wall V wall . Scaling the residual field with the dipolar dependence times V wall 1/2 predicts a residual field that is at least an order of magnitude larger than what we observe. By scaling the residual field with the dipolar dependence times V wall we find a residual field of the order of 100 nT which is more consistent with our observations. At this time we do not have a good physical model to explain our observations. The residual field for small shields could be a subject of further study.
The other undesirable effect from the shields is thermal currents. Inevitably, thermal currents in conductors generate magnetic field fluctuations that result in field noise. There is a detailed theory 34, 35 on magnetic field noise from thermal currents that agrees well with a tabletop experiment that observed a thermal noise limit of 7 fT/ ͱ Hz with a shield diameter of 40 cm. 36 The theory predicts that the magnetic noise spectrum at a point in space a distance z from current fluctuations in a conducting slab of thickness t is proportional to ͱ t / z. Assuming that we use t = 0.4 mm for the small shields, scaling the above experimental result would give a field noise of 400 fT/ ͱ Hz. The noise level in our atomic magnetometer experiment was much larger than this value, but higherperformance chip-scale magnetometers are currently performing at noise levels below this limit. 37 Lower field-noise limits could be achieved by using a thinner innermost shield or one constructed of ferrite. It has recently been demonstrated that much lower thermal field-noise limits can be achieved in ferrite owing to the higher electrical resistivity of the material. 38 Ferrite shields are quite noisy at low frequencies but are nevertheless advantageous in a certain range of frequencies.
VI. SUMMARY
We have designed and tested the shielding factors of sets of five miniature, nested magnetic shields with volumes ranging from 0.01 to 3 cm 3 . This work has involved measuring small fields in the restricted volume inside each shield, and we have used two independent methods to achieve this. Our shielding factor measurements agree well with estimates calculated from simple theoretical expressions. Using the theory and our measurements for one-, two-, and three-layer shields, we predict that the full five-layer set will have a longitudinal shielding factor of 2 ϫ 10 9 and a transverse shielding factor of 1 ϫ 10 13 . Such shielding performance would attenuate the earth's magnetic field to a level of Ͻ50 fT. Higher-performance shielding could potentially be FIG. 7 . ͑Color online͒ Measurements of the internal longitudinal field vs the externally applied magnetic field for the three-layer B, C, and D shield combination measured using the magnetoresistive sensor. The straight line is a linear fit to the data below 35 mT external applied field, where the measurements are clearly below saturation. achieved by making the shields smaller, adding more layers, and/or making the shields more spherical in shape.
